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On the Randić index of quasi-tree graphs
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The Randić index of an organic molecule whose molecular graph is G is the sum of
the weights (d(u)d(v))−1/2 of all edges uv of G, where d(u) and d(v) are the degrees
of the vertex u and v in G. A graph G is called quasi-tree, if there exists u ∈ V (G) such
that G −u is a tree. In the paper, we give sharp lower and upper bounds on the Randić
index of quasi-tree graphs.
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1. Introduction

In studying branching properties of alkanes, several numbering schemes for
the edges of the associated hydrogen-suppressed graph were proposed based on
the degrees of the end vertices of an edge [11]. To preserve rankings of cer-
tain molecules, some inequalities involving the weights of edges needed to be
satisfied. Randić [11] stated that weighting all edges uv of the associated graph
G by (d(u)d(v))−1/2 preserved these inequalities, where d(u) and d(v) are the
degrees of u and v. The sum of weights over all edges of G, which is called the
Randić index or molecular connectivity index or simply connectivity index of G
and denoted by R(G), has been closely correlated with many chemical proper-
ties [8] and found to parallel the boiling point, Kovats constants, and a calcu-
lated surface. In addition, the Randić index appears to predict the boiling points
of alkanes more closely, and only it takes into account the bonding or adjacency
degree among carbons in alkanes (see [9]). It is said in [7] that Randić index
“together with its generalizations it is certainly the molecular-graph-based structure-
descriptor, that found the most numerous applications in organic chemistry,
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medicinal chemistry, and pharmacology”. More data and additional references on
the index can be found in [5, 6].

Let G = (V, E) be a graph of order n (n � 3). If G is a cycle, then we will
call G an n-cycle. The degree and the neighborhood of a vertex u ∈ V will be
denoted by d(u) and N (u), respectively. The graph that arises from G by deleting
the vertex u ∈ V or the edge uv ∈ E will be denoted by G − u or G − uv,
respectively. Similarly, the graph G +uv arises from G by adding an edge uv /∈ E
between the endpoints u, v ∈ E(G). A graph G is called an quasi-tree graph, if
there exists a vertex u0 ∈ V such that G − u0 is a tree.

There are many results concerning Randić index. In [1], Bollobás and Erdös
gave the sharp lower bound of R(G) �

√
n − 1 when G is a graph of order n

without isolated vertices. Yu [12] gave the sharp upper bound of R(T ) � (n +
2
√

2 − 3)/2 when T is a tree of order n. In [2], chemical trees with minimum
Randić index are characterized and in [7], chemical trees of a given order and a
number of pending vertices with minimum and with maximum Randić index are
characterized. In [4], the sharp lower and upper bounds on Randić index of uni-
cyclic graph were given. In the paper, we will give sharp lower and upper bounds
on the Randić index of quasi-tree graphs.

2. Some lemmas

In the section, we will give some lemmas, which will be used in section 3.

Lemma 1 [3]. Let G = (V, E) be a graph of order n and let v0, v1, v2 ∈ V with
N (v0) = {v1, v2}, v1v2 ∈ E(G) and d1 = d(v1), d2 = d(v2) � 3. Then

R(G) � R(G − v0) + f (d1, d2)

for

f (d1, d2) = 1√
2
(
√

d1 − √
d1 − 1) + 1√

2
(
√

d2 − √
d2 − 1)

+
(

1√
2

− 1√
d1

) (
1√
2

− 1√
d2

)

−
(

1√
2

− 1√
d1 − 1

) (
1√
2

− 1√
d2 − 1

)

and we have

f (d1, d2) � f (n − 1, n − 1)

= √
2(

√
n − 1 − √

n − 2) −
√

2√
n − 1

+ 1
n − 1

+
√

2√
n − 2

− 1
n − 2

.
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Lemma 2 [10]. Let G be a simple connected graph of order n. Then

R(G) � n

2

with equality if and only if G is a regular graph.

Lemma 3 [4]. Let x, y be positive integers with x � 1 and y � 2. Denote

h(x, y) = x + 1√
y

+ y − 1 − x
√

2y
− x

√
y − 1

− y − 1 − x
√

2(y − 1)
.

Then h(x, y) is monotonously decreasing in x .

Lemma 4 [4]. Let y be a positive integer with y � 2. Denote

h(y) = y − 1√
y

+ 1
√

2y
− y − 2

√
y − 1

− 1
√

2(y − 1)
.

Then h(y) is monotonously decreasing in y.

Lemma 5. Let y be a positive integer with y � 2. Denote

h(y) = 1√
y

+
(

1 −
√

y

y − 1

)
y − 1
√

2y
=

(√
y√
2

−
√

y − 1√
2

)

+
√

2 − 1
√

2y
.

Then h(y) is monotonously decreasing in y.

The proof of lemma 5 is very simple. We omit it here.
Let G be an quasi-tree graph and u0 ∈ V (G) such that G − u0 is a tree. If

d(u0)=1, then G is a tree and then
√

n − 1 � R(G) � (n+2
√

2−3)/2 (see [1,12]).
Hence, in the following, we just consider the case that d(u0) � 2. Denote

g(n) = n − 4√
n − 1

+ 2√
2(n − 1)

+ 1√
3(n − 1)

+ 2√
6
,

QT (n) = {G | G is an quasi-tree graph with V (G) = n and d(u0) � 2}
and PV = {u ∈ V (G) | d(u) = 1}. Then we have the following lemma.

Lemma 6. Let G ∈ QT (n) with n � 4. If PV = ∅, then R(G) > g(n).

Proof. By induction on n. If n = 4 or 5, then g(4) = 1.9663, g(5) = 2.3123,
and the lemma holds clearly (see figures 1 and 2). Since G is a quasi-tree and
PV = ∅, there exists u ∈ V (G) such that d(u) = 2. Let N (u) = {v1, v2}, d(v1) =
d1 and d(v2) = d2. We will complete the proof by considering the following two
cases.
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Figure 1. R(G) of QT(4).

Figure 2. R(G) of QT(5).

Case 1. v1v2 /∈ E(G).
In this case, we have d1 � n − 2 and d2 � n − 2. Since G ′ = G − u + v1v2 ∈

QT (n − 1), by induction, we have that

R(G) = R(G ′) − 1√
d1d2

+ 1√
2d1

+ 1√
2d2

� g(n) + n − 5√
n − 2

+ 2√
2(n − 2)

+ 1√
3(n − 2)

− n − 4√
n − 1

− 2√
2(n − 1)

− 1√
3(n − 1)

−
(

1√
2

− 1√
d1

) (
1√
2

− 1√
d2

)
+ 1

2

� g(n) + n − 5√
n − 2

+ 2√
2(n − 2)

+ 1√
3(n − 2)

− n − 4√
n − 1

− 2√
2(n − 1)
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− 1√
3(n − 1)

−
(

1√
2

− 1√
n − 2

)2

+ 1
2

� g(n) +
[

n − 4 + √
2 + √

3/3√
n − 2

− n − 4 + √
2 + √

3/3√
n − 1

]

+
[

(
√

2 − 1)
√

n − 2
n − 2

− 1
n − 2

]

> g(n).

The last inequality holds obviously when n � 8 and it is not difficult to check
that the inequality holds when n = 6 and 7.

Case 2. v1v2 ∈ E(G).
Let G ′ = G − u. Then G ′ ∈ QT (n − 1). By lemma 1, we have

R(G) � R(G ′) + 1√
2
(
√

d1 − √
d1 − 1) + 1√

2
(
√

d2 − √
d2 − 1)

+
(

1√
2

− 1√
d1

) (
1√
2

− 1√
d2

)
−

(
1√
2

− 1√
d1 − 1

) (
1√
2

− 1√
d2 − 1

)

� g(n) + (n − 2) − 3√
n − 2

+ 2√
2(n − 2)

+ 1√
3(n − 2)

−(n − 1) − 3√
n − 1

− 2√
2(n − 1)

− 1√
3(n − 1)

+√
2(

√
n − 1 − √

n − 2) −
√

2√
n − 1

+ 1
n − 1

+
√

2√
n − 2

− 1
n − 2

= g(n) +
[
(
√

2 − 1)(
√

n − 1 − √
n − 2) − 1

(n − 1)(n − 2)

]

+(2
√

2 + √
3/3 − 3)

(
1√

n − 2
− 1√

n − 1

)

= g(n) +
( √

2 − 1√
n − 1 + √

n − 2
− 1

(n − 1)(n − 2)

)

+(2
√

2 + √
3/3 − 3)

(
1√

n − 2
− 1√

n − 1

)

> g(n).
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Lemma 7. Let G ∈ QT (n) with n � 5 and PV �= ∅. Let u ∈ PV and v be the
neighbor of u. Denote d(v) = d and N (v) \ {u} = {y1, y2, . . . , yd−1}. If d(yi ) � 2
for i = 1, . . . , d − 1, then R(G) > g(n).

Proof. By induction on n. If n = 5, then the lemma holds clearly (see figure 2).
Since u ∈ PV and v is the neighbor of u, d(v) � 2. Set G ′ = G − u. Then
G ′ ∈ QT (n − 1). Let S be the sum of the weights of the edges incident with
v except for the edge uv in G and S′ the sum of the weights of the edges inci-
dent with v in G ′. Then S = ∑d−1

i=1
1√

dd(yi )
and S′ = S

√
d

d−1 . Since d(yi ) � 2 for

i = 1, . . . , d − 1, we have S � d−1√
2d

. By lemma 5 and d � n − 1, we have

R(G) = R(G ′) + 1√
d

+ S

(

1 −
√

d

d − 1

)

� g(n) + n − 5√
n − 2

+ 2√
2(n − 2)

+ 1√
3(n − 2)

− n − 4√
n − 1

− 2√
2(n − 1)

− 1√
3(n − 1)

+ 1√
d

+
(

1 −
√

d

d − 1

)
d − 1√

2d

� g(n) + n − 5√
n − 2

+ 2√
2(n − 2)

+ 1√
3(n − 2)

− n − 4√
n − 1

− 2√
2(n − 1)

− 1√
3(n − 1)

+ 1√
n − 1

+ n − 2√
2(n − 1)

− n − 2√
2(n − 2)

= g(n) + (
√

6(n − 5) − √
3(n − 4) + √

2)

(
1√

6(n − 2)
− 1√

6(n − 1)

)

> g(n).

Lemma 8. Let G ∈ QT (n) with n � 5 and PV �= ∅. Let u ∈ PV and v be the
neighbor of u. Denote d(v) = d and N (v)\{u} = {y1, y2, . . . , yd−1}. If d � n − 2
and there exists some yi , say y1, such that d(y1) = 1, then R(G)>g(n).

Proof. By induction on n. If n = 5, then the lemma holds clearly (see figure 2).
Set G ′ = G − u. Then G ′ ∈ QT (n − 1). Let S be the sum of the weights of the
edges incident with v except for the edge uv in G and S′ the sum of the weights
of the edges incident with v in G ′. Then S = ∑d−1

i=1
1√

dd(yi )
and S′ = S

√
d

d−1 .
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Assume, without loss of generality, that d(y1) = d(y2) = · · · = d(yk) = 1,
where k � 1. Thus S � k/

√
d + (d − 1 − k)/

√
2d and we have

R(G) = R(G ′) + 1√
d

+ S

(

1 −
√

d

d − 1

)

� g(n) + n − 5√
n − 2

+ 2√
2(n − 2)

+ 1√
3(n − 2)

− n − 4√
n − 1

− 2√
2(n − 1)

− 1√
3(n − 1)

+ k + 1√
d

+ d − 1 − k√
2d

− k√
d − 1

− d − 1 − k√
2(d − 1)

. (1)

If d � n − 3, then k � d − 2. By lemmas 3, 4 and (1), we have

R(G) � g(n) + n − 5√
n − 2

+ 2√
2(n − 2)

+ 1√
3(n − 2)

− n − 4√
n − 1

− 2√
2(n − 1)

− 1√
3(n − 1)

+ d − 1√
d

+ 1√
2d

− d − 2√
d − 1

− 1√
2(d − 1)

� g(n) + n − 5√
n − 2

+ 2√
2(n − 2)

+ 1√
3(n − 2)

− n − 4√
n − 1

− 2√
2(n − 1)

− 1√
3(n − 1)

+ n − 4√
n − 3

+ 1√
2(n − 3)

− n − 5√
n − 4

− 1√
2(n − 4)

= g(n) + n − 5 + √
2 + √

3/3√
n − 2

+ n − 4 + √
2/2√

n − 3
− n − 4 + √

2 + √
3/3√

n − 1

−n − 5 + √
2/2√

n − 4

= g(n) + (
√

n − 3 − √
n − 4) − (

√
n − 1 − √

n − 2) +
(

1 −
√

2
2

)

×
(

1√
n − 4

− 1√
n − 3

)
−

(

3 − √
2 −

√
3

3

) (
1√

n − 2
− 1√

n − 1

)

� g(n) + (
√

n − 3 − √
n − 4) − (

√
n − 1 − √

n − 2) +
(

1 −
√

2
2

)

×
(

1√
n − 2

− 1√
n − 1

)
−

(

3 − √
2 −

√
3

3

) (
1√

n − 2
− 1√

n − 1

)
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= g(n) + (
√

n − 3 − √
n − 4) − (

√
n − 1 − √

n − 2)

−0.72
(

1√
n − 2

− 1√
n − 1

)

> g(n). (see Appendix)

If d = n − 2, then k � n − 5 by G ∈ QT (n). Thus, by lemma 3 and (1), we have

R(G) � g(n) + n − 5√
n − 2

+ 2√
2(n − 2)

+ 1√
3(n − 2)

− n − 4√
n − 1

− 2√
2(n − 1)

− 1√
3(n − 1)

+ n − 4√
n − 2

+ 2√
2(n − 2)

− n − 5√
n − 3

− 2√
2(n − 3)

= g(n) + 2n − 9 + 2
√

2 + √
3/3√

n − 2
− n − 4 + √

2 + √
3/3√

n − 1
− n − 5 + √

2√
n − 3

= g(n) + (
√

n − 2 − √
n − 3) − (

√
n − 1 − √

n − 2) +
(

2 − √
2
)

×
(

1√
n − 3

− 1√
n − 2

)
−

(

3 − √
2 −

√
3

3

)(
1√

n − 2
− 1√

n − 1

)

� g(n) + (
√

n − 2 − √
n − 3) − (

√
n − 1 − √

n − 2)

−0.423
(

1√
n − 2

− 1√
n − 1

)

> g(n). (see Appendix)

3. Main result

Let n be a positive integer with n � 3. We define an quasi-tree graph
QT 0(n) with n vertices as follow: QT 0(n) is obtained from the star graph K1,n−1
by connecting two pendant vertices of K1,n−1 (see figure 3). Also, we define
another quasi-tree graph QT 1(n) with n vertices as follow: QT 1(n) is obtained
from the graph QT 0(n) by connecting one pendant vertices and one vertex of
degree two of QT 0(n) (see figure 3). Obviously, QT 0(n) and QT 1(n) are n-ver-
tex quasi-tree graph. Let G be an quasi-tree graph and u0 ∈ V (G) such that
G − u0 is a tree. We just consider the case that d(u0) � 2. Denote

QT (n) = { G | G is an quasi-tree graph with |V (G)| = n and d(u0) � 2}.
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Figure 3.

Let

f (n) = R(QT 0(n)) = n − 3√
n − 1

+ 2√
2(n − 1)

+ 1
2
.

We first have the following result.

Theorem 1. Let G ∈ QT (n) with n � 3. Then

f (n) � R(G) � n

2
.

The left equality holds if and only if G ∼= QT 0(n) and the right equality holds
if and only if G is an n-cycle.

Proof. By lemma 2, we have R(G) � n/2 and equality holds if and only if G is
a regular graph. Since the n-cycle is the only regular graph in QT (n), we have
that R(G) = n/2 if and only if G is an n-cycle. Hence, in the next proof, we just
show that f (n) � R(G) and equality holds if and only if G ∼= QT 0(n).

By induction on n. If n = 3, the theorem holds obviously. If n = 4, 5, then
the theorem holds clearly (see figures 1 and 2).

Assume that G ∈ QT (n) with n � 6. Denote PV = {u ∈ V (G)|d(u) = 1}.
Note that when n � 6, we have

f (n) <
n − 4√
n − 1

+ 2√
2(n − 1)

+ 1√
3(n − 1)

+ 2√
6

= g(n).

Thus we just need to consider the case that PV �= ∅ by lemma 6. Let u ∈ PV
and v be the neighbor of u. Denote d(v) = d and N (v)\{u} = {y1, y2, . . . , yd−1}.
Then d � 2. Set G ′ = G − u. Then G ′ ∈ QT (n − 1). Let S be the sum of the
weights of the edges incident with v except for the edge uv in G and S′ the sum
of the weights of the edges incident with v in G ′. Then S = ∑d−1

i=1
1√

dd(yi )
and

S′ = S
√

d
d−1 . By lemmas 7 and 8, we can assume that there exists some i (1 �

i � d − 1) such that d(yi ) = 1 and d = n − 1.
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Assume, without loss of generality, that d(y1) = d(y2) = · · · = d(yk) = 1
and d(yi ) � 2 for k+1 � i � d −1, where k � 1. Thus S � k/

√
d +(d −1−k)/

√
2d

and we have

R(G) = R(G ′) + 1√
d

+ S

(

1 −
√

d

d − 1

)

� f (n) + n − 4√
n − 2

− n − 3√
n − 1

+ 2√
2(n − 2)

− 2√
2(n − 1)

+ 1√
d

+
(

1 −
√

d

d − 1

)(
k√
d

+ d − 1 − k√
2d

)

= f (n) + n − 4√
n − 2

− n − 3√
n − 1

+ 2√
2(n − 2)

− 2√
2(n − 1)

+ k + 1√
n − 1

+ n − 2 − k√
2(n − 1)

− k√
n − 2

− n − 2 − k√
2(n − 2)

= f (n) + (
√

2 − 1)(n − k − 4)(
√

n − 1 − √
n − 2)√

2(n − 2)(n − 1)

� f (n). (2)

In order for equality to hold, all inequalities in the above argument should be
equalities. Thus we have

R(G ′) = f (n − 1) and k = n − 4.

By the induction hypothesis, G ′ ∈ QT 0(n − 1). Note that G ′ has a unique vertex
of degree greater than 3, and hence G ∈ QT 0(n). This completes the proof of
theorem 1.

Denote

g(n) = R(QT 1(n)) = n − 4√
n − 1

+ 2√
2(n − 1)

+ 1√
3(n − 1)

+ 2√
6

and PV = {u ∈ V (G)|d(u) = 1}.
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Theorem 2. Let G ∈ QT (n) with n � 4 and G �∼= QT 0(n). Then

R(G) � g(n) = n − 4√
n − 1

+ 2√
2(n − 1)

+ 1√
3(n − 1)

+ 2√
6
.

The equality holds if and only if G ∼= QT 1(n).

Proof. By induction on n. If n = 4, 5, then the theorem holds clearly (see
figures 1 and 2).

Assume that G ∈ QT (n) with n � 6. We just need to consider the case that
PV �= ∅ by lemma 7. Let u ∈ PV and v be the neighbor of u. Denote d(v) = d
and N (v) \ {u} = {y1, y2, . . . , yd−1}. Then d � 2. Set G ′ = G − u. Then G ′ ∈
QT (n − 1). Let S be the sum of the weights of the edges incident with v except
for the edge uv in G and S′ the sum of the weights of the edges incident with
v in G ′. Then S = ∑d−1

i=1
1√

dd(yi )
and S′ = S

√
d

d−1 . By lemmas 8 and 9, we can
assume that there exists some i (1 � i � d−1) such that d(yi ) = 1 and d = n−1.

Assume, without loss of generality, that d(y1)=d(y2) = · · · = d(yk) = 1 and
d(yi ) � 2 for k+1 � i � n−2, where k � 1. Since d(v) = n−1 and G �∼= QT 0(n),
there exists yi , say yn−2, such that d(yn−2) � 3. Thus S � k/

√
n − 1 + (n − 3 −

k)/
√

2(n − 1) + 1/
√

3(n − 1). Then we have

R(G) = R(G ′) + 1√
d

+ S

(

1 −
√

d

d − 1

)

� g(n) + n − 5√
n − 2

+ 2√
2(n − 2)

+ 1√
3(n − 2)

− n − 4√
n − 1

− 2√
2(n − 1)

− 1√
3(n − 1)

− 2√
2(n − 1)

+ 1√
n − 1

+
⎛

⎝1 −
√

n − 1
n − 2

⎞

⎠

×
(

k√
n − 1

+ n − 3 − k√
2(n − 1)

+ 1√
3(n − 1)

)

= g(n) +
(

(
√

2 − 1)(n − k − 5)√
2(n − 2)

− (
√

2 − 1)(n − k − 5)√
2(n − 1)

)

� g(n).

In order for equality to hold, all inequalities in the above argument should be
equalities. Thus we have

R(G ′) = g(n − 1), d(yn−2) = 3 and k = n − 5.
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By the induction hypothesis, G ′ ∈ QT 1(n − 1). Note that G ′ has a unique vertex
of degree greater than 4, and hence G ∈ QT 1(n).

This completes the proof of our theorem.

Appendix

Proposition 1. Let n be a positive integer with n � 6. Then

(
√

n − 3 − √
n − 4) − (

√
n − 1 − √

n − 2) − 0.72
(

1√
n − 2

− 1√
n − 1

)
> 0. (1)

Proof. In order to show (1), we just need to show that

(
√

n − 3 − √
n − 4) > (

√
n − 1 − √

n − 2) + 0.72
(

1√
n − 2

− 1√
n − 1

)
,

i.e.,

1√
n − 3 + √

n − 4
>

√
n − 1

√
n − 2 + 0.72√

n − 1
√

n − 2(
√

n − 1 + √
n − 2)

,

i.e.,
√

n − 1
√

n − 2(
√

n − 1 + √
n − 2) > (

√
n − 3 + √

n − 4)(
√

n − 1
√

n − 2 + 0.72),

i.e.,

√
n − 1

√
n − 2[(√n − 1 − √

n − 3) + (
√

n − 2 − √
n − 4)] > 0.72(

√
n − 3 + √

n − 4). (2)

Since
√

n − 2 − √
n − 4 >

√
n − 1 − √

n − 3, to show (2), we just need to show
that

2
√

n − 1
√

n − 2(
√

n − 1 − √
n − 3) > 0.72(

√
n − 3 + √

n − 4),

i.e.,

4
√

n − 1
√

n − 2√
n − 1 + √

n − 3
> 0.72(

√
n − 3 + √

n − 4),

i.e.,
√

n − 1
√

n − 2 > 0.18(
√

n − 3 + √
n − 4)(

√
n − 1 + √

n − 3). (3)

Since
√

n − 3 + √
n − 4 <

√
n − 1 + √

n − 3, to show (3), we just need to show
that

√
n − 1

√
n − 2 > 0.18(

√
n − 1 + √

n − 3)2. (4)
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Since 2
√

n − 2 >
√

n − 1 + √
n − 3, to show (4), we just need to show that

√
n − 1

√
n − 2 > 0.18(2

√
n − 2)2,

i.e.,
√

n − 1 > 0.72
√

n − 2.

The last inequality is obvious. Thus (3) holds, and then (2) and (1) holds imme-
diately.

Proposition 2. Let n be a positive integer with n � 6. Then

(
√

n − 2 − √
n − 3) − (

√
n − 1 − √

n − 2) − 0.423
(

1√
n − 2

− 1√
n − 1

)
> 0. (5)

Proof. In order to show (5), we just need to show that

(
√

n − 2 − √
n − 3) > (

√
n − 1 − √

n − 2) + 0.423
(

1√
n − 2

− 1√
n − 1

)
,

i.e.,

1√
n − 2 + √

n − 3
>

√
n − 1

√
n − 2 + 0.423√

n − 1
√

n − 2(
√

n − 1 + √
n − 2)

,

i.e.,
√

n − 1
√

n − 2(
√

n − 1 + √
n − 2) > (

√
n − 2 + √

n − 3)(
√

n − 1
√

n − 2 + 0.423),

i.e.,
√

n − 1
√

n − 2(
√

n − 1 − √
n − 3) > 0.423(

√
n − 2 + √

n − 3).

By Cauchy–Schwarz inequality, we have
√

2(2n − 5) �
√

n − 2 + √
n − 3.

Thus, in order to show (5), we just need to show
√

n − 1
√

n − 2(
√

n − 1 − √
n − 3) > 0.423

√
2(2n − 5).

Note that
[√

n − 1
√

n − 2(
√

n − 1 − √
n − 3)

]2 −
[
0.423

√
2(2n − 5)

]2

= 2(n3 − 5n2 + 7.64n − 3.1 − (n2 − 3n + 2)
√

(n − 1)(n − 3)).
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On the other hand,

(n3 − 5n2 + 7.64n − 3.1)2 −
[
(n2 − 3n + 2)

√
(n − 1)(n − 3)

]2

= (n6 − 10n5 + 40.28n4 − 82.6n3 + 89.37n2 − 47.37n + 9.61)

−(n6 − 10n5 + 40n4 − 82n3 + 91n2 − 52n + 12)

= 0.28n4 − 0.6n3 − 1.63n2 + 4.63n − 2.39

> 0. (n � 6)

Thus (5) holds.
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[11] M. Randić, J. Amer. Chem. Soc. 97 (1975) 6609–6615.
[12] P. Yu, J. Math. Study (in Chinese) 31 (1998) 225–230.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


