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On the Randi¢ index of quasi-tree graphs
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The Randi¢ index of an organic molecule whose molecular graph is G is the sum of
the weights (d(u)d(v))*l/2 of all edges uv of G, where d(u) and d(v) are the degrees
of the vertex u and v in G. A graph G is called quasi-tree, if there exists u € V(G) such
that G —u is a tree. In the paper, we give sharp lower and upper bounds on the Randi¢
index of quasi-tree graphs.
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1. Introduction

In studying branching properties of alkanes, several numbering schemes for
the edges of the associated hydrogen-suppressed graph were proposed based on
the degrees of the end vertices of an edge [11]. To preserve rankings of cer-
tain molecules, some inequalities involving the weights of edges needed to be
satisfied. Randi¢ [11] stated that weighting all edges uv of the associated graph
G by (du)d(v))~Y? preserved these inequalities, where d(u) and d(v) are the
degrees of u and v. The sum of weights over all edges of G, which is called the
Randic¢ index or molecular connectivity index or simply connectivity index of G
and denoted by R(G), has been closely correlated with many chemical proper-
ties [8] and found to parallel the boiling point, Kovats constants, and a calcu-
lated surface. In addition, the Randi¢ index appears to predict the boiling points
of alkanes more closely, and only it takes into account the bonding or adjacency
degree among carbons in alkanes (see [9]). It is said in [7] that Randi¢ index
“together with its generalizations it is certainly the molecular-graph-based structure-
descriptor, that found the most numerous applications in organic chemistry,
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medicinal chemistry, and pharmacology”. More data and additional references on
the index can be found in [5, 6].

Let G=(V, E) be a graph of order n (n > 3). If G is a cycle, then we will
call G an n-cycle. The degree and the neighborhood of a vertex u € V will be
denoted by d(u) and N (u), respectively. The graph that arises from G by deleting
the vertex u € V or the edge uv € E will be denoted by G — u or G — uv,
respectively. Similarly, the graph G +uv arises from G by adding an edge uv ¢ E
between the endpoints u, v € E(G). A graph G is called an quasi-tree graph, if
there exists a vertex ug € V such that G — ug is a tree.

There are many results concerning Randi¢ index. In [1], Bollobds and Erdos
gave the sharp lower bound of R(G) > +/n — 1 when G is a graph of order n
without isolated vertices. Yu [12] gave the sharp upper bound of R(T) < (n +
242 — 3)/2 when T is a tree of order n. In [2], chemical trees with minimum
Randi¢ index are characterized and in [7], chemical trees of a given order and a
number of pending vertices with minimum and with maximum Randi¢ index are
characterized. In [4], the sharp lower and upper bounds on Randi¢ index of uni-
cyclic graph were given. In the paper, we will give sharp lower and upper bounds
on the Randi¢ index of quasi-tree graphs.

2.  Some lemmas
In the section, we will give some lemmas, which will be used in section 3.

Lemma 1 [3]. Let G = (V, E) be a graph of order n and let vy, vy, vy € V with
N(vg) = {v1, v2}, vivy € E(G) and dy = d(vy), dp = d(vy) > 3. Then

R(G) = R(G — o) + f(d1,d2)

for

fldy,dr) =

1 1
— (Vi = Jd =)+ —(Jdy — Jdy — 1
ﬁ( 1 1 )+ﬁ( b—1)

and we have

=V2(n=1-+n=-2)—
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Lemma 2 [10]. Let G be a simple connected graph of order n. Then

n
R(G) < £
@) <3

with equality if and only if G is a regular graph.

Lemma 3 [4]. Let x, y be positive integers with x > 1 and y > 2. Denote
x+1 y—-1—x X y—1—x
vy Y2y =1 201

Then h(x, y) is monotonously decreasing in x.

h(x,y) =

+

Lemma 4 [4]. Let y be a positive integer with y > 2. Denote

h(y)—y_l—i- 1 B y—2 B 1
VYOV =1 20— 1)

Then Ah(y) is monotonously decreasing in y.

Lemma 5. Let y be a positive integer with y > 2. Denote

S Y U A ek B SVA ATl & Wil
o=+ (0 vy—l)ﬁy‘(ﬁ 7 )+ Nl

Then h(y) is monotonously decreasing in y.

The proof of lemma 5 is very simple. We omit it here.

Let G be an quasi-tree graph and ug € V(G) such that G — ug is a tree. If
d(up)=1, then G is a tree and then v/n — I < R(G) < (n+2+/2-3)/2 (see [1,12]).
Hence, in the following, we just consider the case that d(ug) > 2. Denote

n—4 2 1 2

Jn—1+¢2(n—1>+¢3(n—1>+ﬁ’

gn) =

Q7 (n) ={G | G is an quasi-tree graph with V(G) = n and d(ug) > 2}
and PV ={u € V(G) | d(u) = 1}. Then we have the following lemma.

Lemma 6. Let G € Q7 (n) with n > 4. If PV ={, then R(G) > g(n).

Proof. By induction on n. If n = 4 or 5, then g(4) = 1.9663, g(5) = 2.3123,
and the lemma holds clearly (see figures 1 and 2). Since G is a quasi-tree and
PV =@, there exists u € V(G) such that d(u) = 2. Let N(u) = {vy, v2}, d(v) =
dy and d(vy) = dy. We will complete the proof by considering the following two
cases.
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NN

1.8938 1.9663

Figure 1. R(G) of QT(4).

NNV

2.4318 2.3938 2.3938
2.4663 2.4343 2.3938 2.2071
2.3123 2.4495 2.3713

Figure 2. R(G) of QT(5).

Case 1. vivy ¢ E(G).
In this case, we have dy <n—2 and d»p <n—2. Since G' =G —u+vjv; €
Q7T (n — 1), by induction, we have that

1 1 1
R(G) =R(G — + +
(@) =R(G) Jdidy,  J2d,  2dy
(n) + —— > 2 ! o4 2
= J \/Z(n —2) \/3(11 —2) Jn—1 J2n—=1

1 1 1 1
- —_— o —_— +_
V3 =1) («/5 vdl) (ﬁ vdz) 2
> g(n) + n—>5 n 2 n 1 B n—4 B 2
28T TS T B2 B2 Jn-1 J2u-D
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3

1 1 1) 1
_W_(Tz_ﬁ)

n—4+24+V3/3 n—4+V2+3/3
>80 + 2 il
|:(«/§—1)«/n—2 1 }
+ —
n—2 n—2

> g(n).

The last inequality holds obviously when n > 8 and it is not difficult to check
that the inequality holds when n = 6 and 7.

Case 2. vivy € E(G).
Let G’ =G —u. Then G’ € Q7 (n — 1). By lemma 1, we have

1 1
R(G) > R(G') + 72(@ —Jdi =)+ —=(/dy — Jdy = 1)

2
+(L_L)(L_L)_(L_;)(L_ ! )
V2 V) \V2 V& V2 Vdi=1)\V2  Jdy =1
>g(n)+(”_2)_3+ 2
- Jn=2 | J2i-2) J3n-2
=13 2 1

Ji—1 L2 —-1D _j_3(n—1) s
2 1 2 1
+V2(Wn—=1-vn=2) - —t et =

1
Ig(”)-i-[(*/i—1)(x/n—1—\/n—2)—m]

+(V2+3/3-3) (Jnl_ == Jnl_ 1)

=gn) + v2-1 — !
—f ST+ vn-2 (-Dhn-2)

+(2\/§+J§/3—3)(\/ 1—2_¢ 1_1)

> g(n).
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Lemma 7. Let G € Q7 (n) with n > 5 and PV # (. Let u € PV and v be the
neighbor of u. Denote d(v) =d and N(v) \ {u} = {y1, y2, ..., ya_1}. If d(y;) = 2
fori=1,...,d —1, then R(G) > g(n).

Proof. By induction on n. If n = 5, then the lemma holds clearly (see figure 2).
Since u € PV and v is the neighbor of u, d(v) > 2. Set G’ = G — u. Then
G' € QT (n —1). Let S be the sum of the weights of the edges incident with
v except for the edge uv in G and Y the sum of the weights of the edges inci-

dent with v in G’. Then S = Zl ] and §' = S,/ddj. Since d(y;) > 2 for

Fdd(y

- _ d _
i=1,....d l,wehaveS\mBylemmaSanddSn 1, we have
R(G) = R(G) + : +5{1 d
B Jd d—1
n—>5 2 1 n—4 2
= g(n) + — —
Jn — \/2(n —-2) \/3(11 -2) Jn—-1 J2n—-1)

1 1 d \d-1
- 4 1— | — | =—=
«/3(n—1)+\/3+( d—l)m

n—>5 2 1 n—4 B 2
1J \/2(n — 2) J3(n —-2) «/zn -1 20-D

n—

INGCESY \/n 1 \/Z(n 1) J2n-2)

> gn) +

1 1
= g(n) + (V6(n —5) = V3(n — 4) + V2) (\/6(n —2) J6(n— 1))

> g(n).

O

Lemma 8. Let G € Q7 (n) with n > 5 and PV # (. Let u € PV and v be the
neighbor of u. Denote d(v) =d and N(w)\{u} ={y1,y2, ..., ya_1}. fd <n—-2
and there exists some y;, say yi, such that d(y;) = 1, then R(G) > g(n).

Proof. By induction on n. If n = 5, then the lemma holds clearly (see figure 2).
Set G' = G —u. Then G’ € Q7 (n — 1). Let S be the sum of the weights of the
edges incident with v except for the edge uv in G and S/ the sum of the weights

of the edges incident with v in G’. Then S = Zf:_ll W and S’ = S‘/
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Assume, without loss of generality, that d(y;) = d(y2) = --- = d(yw) = 1,
where k > 1. Thus S < k//d + (d — 1 — k)/v/2d and we have

R(G) = R(G') + L S(l _ di)

Jd -1
> () + n—>5 i 2 . 1 n—4 2
> gn - -
T 2 T 2=  Bu—D Ja-1 -1
b k+lod-l-k Kk d-1-k 0
V3n—=1)  Jd V2d Vi—1 V2d-=1)
If d <n—3, then k <d— 2. By lemmas 3, 4 and (1), we have
RG) >gm+ 2y 2y ] n_4 2
> g(n - -
2 T 2= Bn—D a1 2a-D
U d-1l 1 d-2 1
«/3(11—1 Vd o V2d Nd-1 J2d-1)
> o(n) + -5 N 2 n 1 n—4 2
n J— —
& «/n— V2m—=2) JS3mn-=-2) Jn—-1 S2m-1)
n—4 1 n—>5 1

«/3(n—1 \/n—3 \/2(n—3)_\/n—4_«/2(n—4)
n—5+~2++3/3 n—4+2/2 n—4+V2+3/3
=g+ vn—2 * vn—3 B vn—1
n—>54++2/2
 Vn-4

:g(n)+(«/n—3—\/n—4)—(\/n—I—Jn—2)+(1_\/75)

X(«/nl—4_x/n1—3)_(3_\/__\/§)(\/an «/anl)

>g(n)+(«/n—3—\/n—4)—(x/n—1—Jn—2)+(1_?)

X(«/nl—Z_«/nl—l)_(3_ﬁ_?)(«/r%_ «/anl)
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=gm)+Wn—-3—-vVn—4)—-n—-1-=+n-2)
1 1
—0.72 _
o7 (x/n—2 \/n—l)

> g(n). (see Appendix)

Ifd=n—-2,then k <n—5by G e Q7 (n). Thus, by lemma 3 and (1), we have

2 1 n—4 2

_5
\/n— +\/2(n—2)+J3(n—2)_\/n—1_\/Z(n—l)
n—4 2 n—>5 2

./73(,1—1 T2 Be=d i3 Bad

B (n)+2n—9+2\/§+\/§/3_n—4+\/§+\/§/3_n—5+\/§
-8 Jn—2 Vi1 Vi =3

=g(n>+(¢n—z—¢n—3)—<¢n—1—¢n—2)+(z_ﬁ)

- (Jnl— 3 Jnl— 2) _(3 V2o \/Tg) (Jnl—z - Jnl— 1)

>gm)+(Wn—-2—-vn=-3)—(n—-1-+n=-2)
1 1
—0.423 _
(«/n—2 \/n—l)

> g(n). (see Appendix)

R(G) = g(n) +

3. Main result

Let n be a positive integer with n > 3. We define an quasi-tree graph
07" (n) with n vertices as follow: Q7 (n) is obtained from the star graph K 1.n—1
by connecting two pendant vertices of Kj ,_1 (see figure 3). Also, we define
another quasi-tree graph Q7 Y(n) with n vertices as follow: Q7 '(n) is obtained
from the graph Q7°%(n) by connecting one pendant vertices and one vertex of
degree two of Q7T O(n) (see figure 3). Obviously, Q7 O(n) and QT'(n) are n-ver-
tex quasi-tree graph. Let G be an quasi-tree graph and ug € V(G) such that
G —ug is a tree. We just consider the case that d(ug) > 2. Denote

Q7T () ={ G | G is an quasi-tree graph with |V (G)| = n and d(ug) > 2}.
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QT°(n) QT'(n)

Figure 3.

Let
3 2 1

fn) = R(OT () = —— + 4o
Jn—1  J2m-1) 2

We first have the following result.

Theorem 1. Let G € Q7 (n) with n > 3. Then

fn < RG) < 3.
The left equality holds if and only if G = Q7%(n) and the right equality holds
if and only if G is an n-cycle.

Proof. By lemma 2, we have R(G) < n/2 and equality holds if and only if G is
a regular graph. Since the n-cycle is the only regular graph in Q7 (n), we have
that R(G) = n/2 if and only if G is an n-cycle. Hence, in the next proof, we just
show that f(n) < R(G) and equality holds if and only if G = Q7).

By induction on n. If n = 3, the theorem holds obviously. If n =4, 5, then
the theorem holds clearly (see figures 1 and 2).

Assume that G € Q7 (n) with n > 6. Denote PV = {u € V(G)|d(u) = 1}.
Note that when n > 6, we have

nod4 2 L
i1 2e-D a0 &

Thus we just need to consider the case that PV # ¢ by lemma 6. Let u € PV
and v be the neighbor of u. Denote d(v) =d and N(w)\{u} ={y1,y2, ..., Ya_1}.
Then d > 2. Set G' =G — u. Then G' € Q7 (n — 1). Let S be the sum of the
weights of the edges incident with v except for the edge uv in G and S’ the sum

of the weights of the edges incident with v in G’. Then § = Z?:_ll m and

S = S‘/ddj. By lemmas 7 and 8, we can assume that there exists some i (1 <
i<d-1)suchthatd(y;) =1 andd =n— 1.

fn) <
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Assume, without loss of generality, that d(y;) = d(y) = --- =d(w) = 1

and d(y;) 2 2 for k+1 <i <d-1, where k > 1. Thus S < k/«/ﬁ+(d—1—k)/«/2d
and we have

o [d

> Fn) + n—4 B n—23 n 2
- Jn—=2 Jn—-1 20 -=2)

w%%*(“/g)(%%)

— fm+ n—4 B n—23 n 2
B vn—=2 Jn—1 20 -2)

B 2 n k+1 +n—2—k_ k _n—2—k
2 —=1) Vn—-1 2n-1) Vn=2 20 -2)

V2= —k—H(Wn—1-/n-2)
2 —2)(n —1)

=fn)+

= f(n). 2)

In order for equality to hold, all inequalities in the above argument should be
equalities. Thus we have

R(G)=f(nn—1) and k=n—4.

By the induction hypothesis, G’ € Q7°(n — 1). Note that G’ has a unique vertex
of degree greater than 3, and hence G € Q7°(n). This completes the proof of
theorem 1. o

Denote

m=ROQT'my=""2, 2 1 2
s = T ol V2u-D  Bu-1D 6

and PV ={u € V(G)|d(u) = 1}.
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Theorem 2. Let G € Q7 (n) with n > 4 and G Z# QTO(n). Then
n—4 2 1 2

+ + +—.
Ji—1 L2o-D SBu-D 6
The equality holds if and only if G = Q7T L.

R(G) = g(n) =

Proof. By induction on n. If n = 4,5, then the theorem holds clearly (see
figures 1 and 2).

Assume that G € Q7 (n) with n > 6. We just need to consider the case that
PV # 0 by lemma 7. Let u€ PV and v be the neighbor of u. Denote d(v) = d
and N(w) \ {u} = {y1,y2....,V4—1}. Then d > 2. Set G’ = G — u. Then G’ €
Q7 (n—1). Let S be the sum of the weights of the edges incident with v except
for the edge uv in G and S’ the sum of the weights of the edges incident with

vin G'. Then § = z;i:_ll \/#m and §' = S,/ddTl. By lemmas 8 and 9, we can
assume that there exists some i (1 <i <d—1) such that d(y;))=1andd =n—1.

Assume, without loss of generality, that d(y;)=d(y;) =--- =d(y) =1 and
d(y;) =2 for k+1 <i <n—2, where k > 1. Since d(v) =n—1and G Z 07°(n),
there exists y;, say y,_», such that d(y,_») > 3. Thus S <k/vVn—-14+mn—-3—

k)//2(n — 1) +1/4/3(n — 1). Then we have

1 d
R(G) =R(GH+ —+ 5(1 — d_)

Vi =
Sem4 >y 2 !
> go(n
ST =S T A= B2
n—4 2 1

n=1 V2Zt—-D 3n-10
2 ot et
2 —-1)  n—1 n—2

k n—3—k 1
X(\/n—l +¢2<n—1)+¢3<n—1))
V2-Dn—k=-35 2-Dn—-k-5)
:g(””( A= Jaw-D )

> g(n).

In order for equality to hold, all inequalities in the above argument should be
equalities. Thus we have

R(G)Y=gmn—1), dyy_2)=3 and k=n->5.
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By the induction hypothesis, G’ € Q7 '(n — 1). Note that G’ has a unique vertex

of degree greater than 4, and hence G € Q7 L.
This completes the proof of our theorem. i

Appendix

Proposition 1. Let n be a positive integer with n > 6. Then

(\/n—3—x/n—4)—(\/n—1—Jn—2)—0.72(¢n1_2 — \/nl— 1) > 0. (1)
Proof. In order to show (1), we just need to show that
(VWn—=3—+n—14) > («/n—l—x/n—2)+0.72(\/n1_2 — ¢n1—1)’
1.€.,
1 _ Vn—1n—2+0.72
Vi=3+vn—4 n—1Jn=2(n—-1+vn=2)
ie.,

Nn—=1Vn=2Wn—1+vVn=2)> (Vn=3+vVn—4/n—1v/n—-2+0.72),

1.€.,

Vi—1vn=2[(Wn—=1-Vn=3)+(Vn=2—=vVn—4]1>0.72(vn =3+ n—4). (2

Since v/n —2 —/n—4 > /n—1— +/n—3, to show (2), we just need to show
that

2Vn = 1vn=2(Wn—=1=+n—=3) > 0.72(v/n =3+ +/n — 4),

1.€.,
Wn—IWn =2 e 34 e D),
Jn—14+vn-=3
1.e.,
Vn—=1vn=2>018(vn =3+ vn -4 (/n—1++n—=3). (3)

Since vV/n —3++/n—4 < /n—1+ +/n— 3, to show (3), we just need to show
that

Vn—=1vn =2 > 0.18(v/n — 1 + v/n — 3)°. 4)
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Since 24/n — 2 > /n — 1 + +/n — 3, to show (4), we just need to show that

V= 1vn =2 > 0.182vn — 2)%,
1.€.,
Vn—1>0.72v/n - 2.
The last inequality is obvious. Thus (3) holds, and then (2) and (1) holds imme-
diately. o

Proposition 2. Let n be a positive integer with n > 6. Then

(Wn—2—-+n—-3)—(n-1 —\/n—z)—o.423(\/nl_2 — \/nl—l) > 0.(5)
Proof In order to show (5), we just need to show that
Wn—2—-+n—-3)>n-1 —«/n—2)+0.423(\/n1_2 — Jnl_ 1),
ie.,
1 _ Vn—1yn —2+0.423
Vn=2+n=3 n—Ivn=2(n—1+Vn=2)
ie.,

Vn=1vn=2(vn—=14+vn=2)> (Wn=2++vn=3)Vn—1v/n—2+0.423),

1.€.,

Vn—=1vn=2(n—-=1—=+n—=3) > 0423(vn — 2+ v/n = 3).

By Cauchy-Schwarz inequality, we have

V2@n —35) = n—2++n-3.
Thus, in order to show (5), we just need to show

Vn—=1vn=2(n—=1-=+n—=3) > 0.423/22n — 5).

Note that

[«/n TV —2(Vn =1 —n = 3)]2 _ [0.423\/2(2;1 - 5)]2
=2 = 5% +7.64n — 3.1 — n* = 3n +2)/(n — D)(n — 3)).
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On the other hand,

2
(3 — 502 + 7.64n — 3.1)% — [(n2 342V — D) — 3)]
= (n° — 101> + 40.28n* — 82.6n° + 89.37n% — 47.37n + 9.61)
—(n® — 107> + 40n* — 821 + 911> — 52n + 12)
= 0.287% — 0.6n° — 1.63n% + 4.63n — 2.39
> 0. (n>06)

Thus (5) holds. ]
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